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In this paper, a robust configuration (i.e., position and orientation) control of an industrial forklift is
investigated. The equations of motion of a typical forklift are derived. Configuration control utilizing
three navigation variables (i.e., the distance to the goal point and two split angles of the orientation
error) is designed. Considering that an industrial forklift should move forward and backward effectively
depending on the location of a goal point, control laws with regard to forward and backward
movements are separately derived. For a nominal model that does not include any uncertainty, the
developed control law assures the uniform asymptotic stability. However, in the presence of
uncertainties, the control law guarantees that the solutions of three navigation variables are uniformly
bounded. The effectiveness of the developed algorithm is demonstrated through simulations and

© 2011 Elsevier Ltd. All rights reserved.

1. Introduction

The configuration (i.e., position and orientation) control pro-
blem of autonomous wheeled vehicles has been widely studied
over several years. The examples include the pallet-picking of an
autonomous forklift, the recharging of an autonomous mobile
robot, the parking of an autonomous car, and others. In modeling
an autonomous system, there always occur uncertainties: tire/
surface slip, measurement noise, gear backlash, friction, neglected
vehicle dynamics, and more. In this paper, a robust configuration
control problem of an autonomous forklift considering the
above uncertainties is focused, in which the uncertainties are
put into three categories: measurement noises, modeling errors,
and tracking errors.

A wheeled vehicle is a nonholonomic system (i.e., a system with
nonholonomic constraints). Brockett (1983) proved that a state-
feedback control in the Cartesian coordinate system cannot be used
to drive a nonholonomic system to an arbitrary configuration in an
asymptotic fashion. To cope with this problem, coordinate transfor-
mations have been used. Their examples include the chained form
(Murray & Sastry, 1993), the polar coordinates (Aicardi, Casalino,
Bicchi, & Balestrino, 1995), the sigma process (Astolfi, 1996), and the
transverse form (Morin & Samson, 2009). Other notable control
strategies include the time-varying controls (Samson, 1995; Tamba,
Hong, & Hong, 2009), discontinuous controls (Astolfi, 1996;
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Marchand & Alamir, 2003), the switching method (Hespanha &
Morse, 1999), the model predictive control (Yoon, Shin, Kim, Park, &
Sastry, 2009), the iterative-state steering controls (Lucibello &
Oriolo, 2001; Widyotriatmo, Hong, & Hong, 2009), and the linear-
interpolation-based control (Scaglia, Rosales, Quintero, Mut, &
Agarwal, 2010). The configuration control designed in the polar
coordinate is known to provide fast and natural motions from an
initial to a goal configurations (Aicardi et al., 1995; Hong, Tamba, &
Song, 2008; Oriolo, De Luca, & Vendittelli, 2002; Park, Yoo, Park, &
Choi, 2009; Shim & Sung, 2004; Siegwart & Nourbakhsh, 2004;
Widyotriatmo & Hong, 2011). It is also noted that most early works
assumed the no slipping of wheels, no tracking errors, and no
measurement noises.

As reported in Jiang (2000) and Widyotriatmo, Hong, and
Prayudhi (2010), a supposedly ideal feedback law that regulates a
mobile robot to a fixed configuration can diverge if even small
uncertainties occur. Among the many studies that investigated the
robustness of configuration control against uncertainties, some dealt
with the identification of parametric uncertainties and modeling
errors (Ge, Wang, & Lee, 2003; Lin & Yang, 2008), the switching
schemes (Bui & Hong, 2010; Prieur & Astolfi, 2003; Xi, Feng, Jiang, &
Cheng, 2003), the sliding mode controls (Corradini & Orlando, 2002;
Floquet, Barbot, & Peruquetti, 2003), and the velocity scheduling
control (Buccieri, Perritaz, Mullhaupt, Jiang, & Bonvin, 2009). Tang,
Miller, Krovi, Ryu, and Agrawal (2008) and Ryu and Agrawal (2010)
investigated the polynomial trajectory planning and control based
on the differential flatness properties of a wheeled mobile robot. In
path/trajectory tracking, the linear algebraic method (Ailon, Berman,
& Arogeti, 2005), fuzzy controls (Moustris & Tzafestas, 2011;
Treesatayapun, 2011), and adaptive controls (Martins, Celeste,
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Carelli, Sarcinelli-Filho, & Bastos-Filho, 2008; Rossomando, Soria, &
Carelli, 2011) were utilized.

In the present paper, the use of two loops is proposed: the
outer loop is to compute two desired control commands (linear
velocity and steering angle of the driving wheel), and the inner
loop is to track the two desired commands by applying the
conventional proportional-derivative (PD) control to the two AC
motors (one for driving and the other for steering). The outer loop
incorporates all the noises, modeling errors, and tracking errors.
In designing the control commands, three navigation variables
(i.e., the distance error and two split angles of the orientation
error, one in association with the direction to the goal point, and
the other in association with the desired direction at the goal
point) are utilized. Since the forklift can move freely in both
directions (forward and backward), the workspace is split into
two regions depending on the location of the goal point (whether
it is located in front of the vehicle or not). For a nominal model
(i.e., no noise and no uncertainty), a control law that assures the
uniform asymptotic stability of the origin in the configuration
error space is first proposed. And then a robust control law that
guarantees the uniform boundedness of the solutions of three
navigation variables in the presence of uncertainties (measure-
ment noises, modeling errors, and tracking errors) is derived.

The contributions of this paper are the following. A control model
of a typical forklift and its configuration control in the presence of
input disturbances, measurement noises, and modeling errors are
first discussed. If one goal configuration is assigned to individual
vehicles, there exists only one equilibrium point to each vehicle.

T R A

Fig. 1. The forklift used in experiment.

Second, control laws that assure the uniform asymptotic stability,
when there is no uncertainty, and the uniform boundedness, in the
presence of uncertainties, of the equilibrium point are proposed.
Third, a discrete-time analysis for the proposed algorithm and the
range of control gains in terms of sampling time are clarified. Fourth,
experimental results using an autonomous forklift are provided.

The paper has the following structure. Section 2 describes the
overall control structure, derives the equations of motion, ana-
lyzes the AC motor control, and formulates the configuration
control problem for forward and backward movements. Section 3
discusses the proposed control laws for the ideal case and in the
presence of uncertainties. Section 4 presents the stability analysis
of the proposed control laws in the discrete-time domain. Section
5 provides simulation and experimental results confirming the
effectiveness of the proposed method for driving the forklift from
an arbitrary initial configuration to a desired goal configuration.
Section 6 draws conclusions.

2. Autonomous forklift model
2.1. Control structure

Fig. 1 depicts the developed autonomous forklift having two
caster wheels in the front and one drivable-and-steerable wheel in
the rear. It is equipped with a laser-based localization sensor SICK
NAV200, an embedded PC, and a programmable logic controller
(PLC). The NAV200 is used to measure the position (x, y) and
orientation (6) of the forklift in the global coordinate frame based
upon the known locations of reflectors. Fig. 2 shows a control block
diagram of the forklift having two loops: outer loop and inner loop.
The outer loop, programmed in CG++ on an industrial PC, generates
two desired commands: the linear velocity (v4) and the steering
angle (J4) of the driving wheel. These commands are updated upon
the errors between the goal configuration (xg, yg, 0¢) and the present
configuration (x(t), y(t), 6(t)) measured by NAV200 at a sampling
frequency of 10 Hz. The inner loop, implemented in the PLC,
generates two control signals (voltages u, and us) to control the
two AC motors (driving and steering) in the fashion that the driving
wheel follows the desired commands. The two voltages are calcu-
lated using the desired commands and the encoders’ feedback at the
frequency of 100 Hz. The PLC and the industrial PC communicates
via RS232.

2.2. Equations of motion

Fig. 3 shows a schematic of the forklift. O-ij represents the global
reference coordinate frame in the workspace; Op-inj;, denotes the
body coordinate frame attached to the vehicle body where O, (the

PC PLC MOTORS | FORKLIFT
Vd VLell[:) izii: |4v | Motor | | AC Motor
Xy y Driver (Driving) x
Control
Ve y
b, Configuration Feedback 100Hz | Incremental 9
Control Encoder t NAV200 —
Steering
dd 5 | Motor AC Motor
Angle = Driver | | (Steering)
Control g
Feedback 100Hz | Absolute Inner Loop
Encoder
Feedback 10Hz
Outer Loop

Fig. 2. Control block diagram.
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Fig. 3. Forklift schematic.

mid-point of two front wheels) is the origin of the frame to which all
the motions of the vehicle are generated; and I denotes the distance
between the center of the rear wheel and O,. The vehicle’s config-
uration is specified by its position (x, y) and orientation 6, which is the
angle of the i’b -axis from the i-axis (in the counterclockwise direction).
The velocity v and angle J in (—7,7) are the linear velocity and the
steering angle of the rear wheel from the i,-axis, respectively.

Let ¢; and ¢, be the angular displacements of the front and
rear wheels, respectively. Let p = [x,y,0,5,¢;,,]" € R® be the state
vector. Then, the equations of motion and nonholonomic con-
straints of the vehicle are given as follows (Fierro & Lewis, 1998):

M(p)p +C(p, p)P +f-+gP)=BE)t+IPfc, 1)

J@p=0, )

where M(p) € R%*® is the symmetric and positive definite inertia
matrix, C(p, p) e R®*® is the centripetal and Coriolis matrix, f € R®
is the surface friction vector, g(p) € R® is the gravitational vector,
B(p) e R%*? is the input matrix, T=[7,, 75]' eR? is the torque
inputs to the driving and steering motors, respectively, fc e R* is
the constraint force vector, and J(p)eR®** is the constraint
matrix. In this paper, it is assumed that the vehicle operates on
a flat surface, so that g(p) = 0. In driving the ideal model, it is also
assumed that the vehicle satisfies the conditions of nonslipping
(or pure) rolling. Then, the constraint matrix J(p) is given by

—sinf —(cosfsind+sinfcosd) cos cosOcosd—sinfhsind
cosf cos ) cosd—sinfsind sinf cos0sind+sinfcoso

0 —lcoso 0 —Isind
Im=| , 0 0 0

0 0 —T¢ 0

0 0 0 -1y

3)

where r¢ and r; are the radii of the front and rear wheels, respectively.
A matrix S(p) € R®*2, to obtain S"(p)J(p) = 0, is chosen as
S(p) — cosfcosd sinfcosé —(1/Dsind 0O (1/rg)coso 1/r¢ T
=1y 0 0 1 0 o]
€]

Let & be the angular velocity of the steering angle. Let v=[v, 51"
Then, the first derivative of vector p is obtained as

p =SV
cosOcosd sinfcosd —(1/hsind 0 (1/rgcosd 1/r] [v
= 0 0 0 1 0 0 } [5]'
©)]

Now, using the Lagrange method, the specific forms of (1) are
derived. The kinetic energy K is given by

K=2p"Mp, ®)
m 0 0 0 0 O
0mO0OO0O0O
0 0, 00O

M:0001500' @
0 00 0TI O
0 00 0 0 I

where m is the vehicle mass, I, is the mass moment of inertia of
the vehicle with respect to Oy, I5 is that of the rear wheel with
respect to the normal axis to the flat surface, and Iy and I; are the
mass moments of inertia of the front and rear wheels around their
individual rolling axes. The centripetal and Coriolis matrix C(p, p)
is given by

oK
3 =C @)

The input matrix B(p) is
00000 177

C(p.p) = M(p)p—

BP=10 00100 ®
From (5), the second derivative of vector p is obtained as
P =SPV+S(P,p)V. (10)

The substitution of (10) into (1) and multiplication of ST(p) at
both sides yields

M (p)V+C(p.p)v+£, =Bi(p)t, amn

where

M; (p) = S" (D)M(P)S(p)

_ [m+dg/rEcos? 5+ Uy /Pysin® 5+1; - 0 12
o 0 Is |’ 12)
Ci(p.P) =S ®MPS(P.P)
_ {((Ib/lz)_(m+(If/r§)))cos(5sin53 0]' 13)
0 0
f1=sT(p)f=[f,, fo-]T, 14
1/rv O
Be-| g (15)

Note that f, and f5 are the surface frictions against the linear and
rotational motions of the rear wheel, respectively. Finally, the
equations of motion for the forklift in Fig. 3 are

X =vcos0coso, (16)
y =vsinfOcos4, 17)
0 = —(v/sins, (18)
mv+cv+rf, =1y, 19)
I50+f5 =75, (20)
where

my = re((m+(Is /1?))cos® 5+ (I, /I*)sin® 5+ 1), 1

c1 = re((Iy/P)—(Ig /T3)—m)cos dsin 64, (22)
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and I is mass moment of the rear wheel and 7, 75 are the torque
inputs to the driving and steering motors.

2.3. AC motor control

In this subsection, the dynamics of the vehicle in (19) and (20)
are focused. Assuming that the inductance voltages of the motors
are negligible, the torques of the driving motor 7, and the steering
motor 75 are obtained as (De La Cruz, Bastos, & Carelli, 2011)

Ty = (km,v/Rm,v)((uv*(kemf,u/rr)v)v (23)

T5 = (Kim5/Rin,5)(Us—Keme 50), (24

where u, and us are the input voltages applied to the driving and
steering motors, respectively, and kpy,y, Kemfy, and Rpm,, are the
motor torque constant, the back electromotive constant multi-
plied by a gear ratio, and the resistance of the driving motor,
respectively, and k;, 5, Rp,s, and kemss are those of the steering
motor, respectively.

To track the desired linear velocity v4 and steering angle dq, a
PD control is adopted. The control signals u, and us are designed
as

Uy = kpy(Vq—v)—kp v, (25)

Us = kp 5(3q—0)—kp,59, (26)

where kp,, and kp, are the proportional and the derivative gains
of the driving motor, and kps and kp; are those of the steering
motor, respectively. Using (23) and (25), (19) becomes
((Rm,v/km,v)m] +kD,u)1‘/ +((Rm,v/km,v)c1 +kemf,1//rr +kP,v)U
=kpyVa—Rm,vTt/km)f - (27)
Choosing kp,, > max((Rm,y /km,»)c1—Kems,»/Tr) and assuming that f,
is constant, the solution of (27) is obtained as
v(t) = (kp,y /(Rm,v/Km,v)C1 +Kemt,v /Tr +Kp )
X (Va—((Rm,vTt)/Km,vkp.))f
_(Ud_v(tO)_((Rm,vrr)/(km,vkP,v))fV))eXp(_)bvt)v (28)

where

Av = ((Rm,v/km,v)C1 +Kemt,v /Tr +kp,v) /(Rm,v /Km,v)M1 +kp ) > 0.

(29)

Now, the substitution of (24) and (26) into (20) yields
(R /(K 5kp, 5150 +((kp 5+ Kemf 5)/Kp,5)0 +0
=0q—(Rpn,5/(km,5kp.5))f s- (30)

An overdamped response of the steering angle 6 is designed by
setting kp s and kp ; such that

((kp,5+Kemf,5)/Kp,5)> —4(Rpn,515) / (Kin,5kp,5) > 0. (31)
Assuming that f5 is constant, the solution of (30) becomes
0(t) = 6g—Rin,5/ Kim,5kp,s))f 5

(B4 0(t0)~Ro (ki o) ) 222 X F010 =01 XD 2520

As2—51

(32)

where

_ (kp s +kemto)/kps)+ \/((kD,()' +Kemt,5)/kp,5)* — 4R 615)/ (km 5kp,5) -

As 0,
o 2R 515)/ (Km,ske.5)
o (ko +kemf,6)/kl’,(5)*\/((kD,5 +Keme,5)/kp,5)° —4R 515) /(K 5k 5) o
o2 = 2(Rpn,515)/ (Km,5kp.6) -

(33

From (28) and (32), the linear velocity v and the steering angle ¢
track the desired commands v4 and J4 with tracking errors
# =v—vq and & = 6—34 caused by the frictions and the exponen-
tial terms in (28) and (32). The time constants of the exponential
term of the linear velocity and of the steering angle are 1/4, and
1/7s,2, respectively. As the load of the forklift m increases, the
exponential terms decay slowly, and therefore the two tracking
errors (7 and ) also increase. In this paper, it is assumed that the
load variation during motions is very small and using the fixed
gains of PD control, the linear velocity v and steering angle 6 can
track their desired values v4 and 64 with small bounded tracking
errors |#| <¥ and || <, where 7 and 6 are their bounds.

2.4. Kinematic equations in navigation variables

Fig. 4(a) and (b) illustrates two situations: (a) the case that a
forward movement of the forklift is quicker to reach the goal position
and (b) the case that a backward movement is quicker, which is the
case that the goal position is located behind the vehicle. The goal
coordinate frame Og—fgjg is set to the desired goal configuration of

b

Fig. 4. The introduced navigation variables {p, o, ¢} and two regions for determining the initial moving direction of the vehicle: (a) Qfon: for forward movement and (b)

Qrear for backward movement.
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the vehicle at the goal point, where (xg,y,) is the coordinates of the
goal point Og, and 0g is the rotational angle of the ig-axis from the
globall axis. Let X =xg—x, y =y,—y, and 0= 0z—0 be the configura-
tion errors between the current and goal configurations. Now, three
new navigation variables {p, o, ¢} are defined as follows:

p= /245, (34)

o = arctan2(¥,%)—0, 35)

¢ = Og—arctan2(7,%), (36)

where p is the distance error, and o and ¢ are the split portions of
the orientation error (i.e., 0 = a+ ¢), in which « is the portion from
the vehicle’s moving direction to the goal point direction and ¢ is
the remaining error at the goal frame. It is noted that o and ¢ are
not defined if X=y=0 (i.e, p=0). In determining the initial
moving direction (forward or backward) of the vehicle upon receiv-
ing a command, two regions (2o and Qreyr) are defined as

Qfrone = {(Xg, Yg) ©  |arctan2(yg—y,x;—x)—0| < /2}, 37)

Qrear = {(Xg, ¥g) :  |arctan2(y,—y,xg—x)—0| > 1/2}. (38)

Then, the kinematic Egs.
navigation variables become

(16)-(18) using the introduced

p = —VC0S0COS0, 39)
& = (v/p)sinc.cosd+(v/sind, (40)
¢ =—(v/p)sinocosd. 41)

If the vehicle achieves its goal configuration, both p and 0 (at+¢)
become zero. Let the polar coordinate system comprising p and
be the error space. The control problem of moving a vehicle from
an initial configuration to a goal configuration becomes the
asymptotic stabilization problem from an arbitrary point in the
error space to its origin. It is noted that § =0 is achieved by
making «=¢ =0 in Qgqy, but that is achieved by making
d=¢=m in Qa. Therefore, the target points become
(p,o,¢) =(0,0,0) in Qgone and (p,0,¢) = (0,7, 7) in Lrear.

3. Control laws design
3.1. Control law for the ideal case

In this subsection, the control laws that achieve the asymptotic
stability of the equilibrium points (i.e., (0, 0, 0) if (Xg,Y¢) € Cfront
and (0, 7, ) if (xg, ¥¢) € Qrear) for the nominal model (39)-(41) are
derived. The tracking errors (# and J) are assumed to be
negligible, so that v=v4 and 6 =094 (the control laws under
uncertainties will be discussed in Section 3.2). The control law
in Qpon is first derived. Let v =vcoso and v, =vsind. Then, v
and ¢ in terms of v, and v,, respectively, become

v =sgn(vy)y/v?+v3, (42)

& = arctan(v, /v1). 43)

Let o’ =sina—¢. Let v; and v, be designed as
=ky1p\/1-( + ), (44)

1—(o + )%, (45)

where k,; and k,, are positive constant gains. From (39)-(41)
and (42)-(45), the following are obtained:

p = —ky1p(1—( +)?), (46)

Vo) = —l(kv,za/ +kl/,l (/)

w=—<@M—MJO+Vﬁ4w+@ﬂ>¢L{w+@ﬁw
+ <ku,1 V1 —(oc’+</>)2> $, (@7)
0= (k1= 07 ) (k1= 07 ) (48)

Let Cou= <k,,‘2—l<,,,1 (1 + \/1 —(o+ ¢)2>> \/1 —(o +p)? and

Sp=ky1y/1-('+¢)>>0. Note that ¢, >0 is achieved if

kyo > 2k, 1.
Let a Lyapunov function candidate be
V=(1/2)p* +a2 +¢?). (49)
Using (46)-(48), the time derivative of V becomes
V = —(&% ko )p =, —cydp”. (50)

Theorem 1. Consider the system (39)-(41) with goal points in Qg.one.
Let the control law be given by

V= \/(k,,,] pcosa)? +P(ky 5 sino—(ky, 2 —k, 1 cOsa)p)?, (51
S — _arctan (l <ky,2 sino—(ky2—ky 1 cos oc)¢> ) ' (52)
ky1pcoso

where k,, > 2k, >0. Then, the origin (p, o, ¢)=
uniformly asymptotically stable.

(0, 0, 0) is

Proof. Let (xg,¥;) € Q2front, (50) is rewritten as
V=& /kn)pP—cu(sina—¢p)?—c4¢> <0, (53)

where ¢4, ¢, >0 if k2 > 2k, >0. Based on Barbalat’s lemma
(Khalil, 2002; p. 323), (53) concludes that p,o,¢p—0 as t—oco. O

Corollary 1. Consider the system (39)-(41) with goal points in Qreyr.
Let the control law be

V=— \/(k,,,] pcoso)? + I? (ky 2 sino+(ky 2 +ky 1 cosa)(p—m))2,  (54)

5= —arctan(1 kysinoc+ (ky 2 +ky 1 coso)(¢p—m) (55)
N ky1pcosa

Then, (p, o, $)=(0, &, m) is uniformly asymptotically stable.

Proof. Using the same procedure as in (44)-(48), the time-
derivative of the Lyapunov function candidate V =(1/2)(p*+
(sin(a—m)—(p—m))? +(¢p—m)?) for (Xg.Yg) € Qrear is obtained as

—Co_a(sin(@—1)—(¢p—1)*~Cy_r(¢p—1)* <0,
(56)

V== p/ku1)p?
where ¢, = (ky2—ky,1(1+cos(a—m)))cos(x—m) >0 and ¢y =
k, 1cos(oe—m) > 0 in Qyear. Therefore, p—0 and o,¢p > 7 as t —oo. O

Remark 1. As noted in Section 2.4, if p=0, o« and ¢ are not
defined. In this special case, let v and 6 be determined as

(37)
8 =—(m/2)sgnd. (58)
The substitution of (57) and (58) into (16)-(18) yields
x=0, (59)
y=0, (60)
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0= —ky10. (61)
Then, the orientation error § converges exponentially to zero
while the position error (%, y) remains at zero.

Remark 2. o’ +¢ =1 (or & = + 7/2) results in equilibrium points
of (46)-(48). To get out from the equibrium point, the linear
velocity v is chosen as a nonzero constant ve for a short time
interval [0, t:). Once the state escapes from o(t;)= + /2, the
linear velocity and steering angle are set to (51) and (52) if
(Xg,Yg) € Qprone OF to (54) and (55) if (xg,Yg) € Qrear-

Remark 3. The gains k,; and k, > can be chosen via the linear-
ization of (46)-(48) at the origin, in which the spectrum of the
linearized system can be assigned by proper k,; and k, ;.

3.2. Control laws in the presence of uncertainties

The kinematic Egs. (39)-(41) were obtained under the very
ideal conditions (no slipping, accurate measurement, precise
tracking, and others). In real environments, there always exist
uncertainties: measurement noises, modeling errors, and tracking
errors. Let (ny, ny) and ny be the measurement noises in (x, y) and
0, respectively, such that |ny| <7, |n,| <7y, and |ny| <7y, where
Ty, Ny, and 7y are their bounds. Then, the noises in the navigation
variables are bounded by

[n,| < |\/()~<+ﬁx)2+07+ﬁy)2_\/;+}72" (62)

|ny| < |atan2(y +1y,X +7y)—atan2(y,%) | + 1y, (63)

|n,| < |atan2(y +7,,% + i) —atan2(y,%)|. (64)

Let 4;, i e {p,a,¢}, be the possible modeling errors that satisfy
| 4;| <k; where k; are positive constants. The kinematic Eqgs. (39)-
(41) including measurement noises, modeling errors, and tracking
errors are written as

p = —(Wa(p,o,d; ny) +1)cos o.cos(Sa(p,or, ;) +0)+ 4, (65)

& = (Va(p.ot,: i)+ )/ p)sinocos(Ba(p, ot p; ny) +9)
+((Va(p,04 s )+ D) /DSIn(Sa(p,00,: i) +8) + Ag, (66)

¢ = —((Va(p,o, s 1) +1)/p)sineccos(Ba(p, o p: 1) +8)+ A, (67)

where n;, i € {p,,¢}, are the noises in the navigation variables.
Let v4 = sgn(vy)4/v3+v3 and J4 = arctan(v, /v1), and v; and v,
be chosen as

vy =ky1p\/ 1= + Y2 + V), (68)
U2 = Iy 20 + Ky T + $2 1), (69)

where v} and v, are functions to be designed. Using (65)-(67) and
(68) and (69), the following are obtained:

P =—ky1p(1=(& +P)H)—W) +p)y/ 1= + > + 4, (70)

o= — ((kv,z—kv,] (1—\/1—(oc’+¢)2>) \/1—(0(’4-(;5)2) o
+ (ku,l \/1—<a/+¢>2>¢+«va +10)/P) + ) (1 +y 1—(w+¢>2)

+ W+ 1= + )+ 10+ §2 A+ 4, 1)
¢b=— (km \/ 1—(oc’+d>)2>oc’— (km \/ 1—(o¢/+</>)2> ¢
—((V+ )/ ) + )+ Ay, (72)

where pu; and p, are the bounded perturbations from
the measurement noises and tracking errors such that |u; | <
and |u,| <M, and fi; and [, are their bounds. Let w be
defined as

w k _ 2 2 _ 42 ’ ’
we | (Gp/ky1)(=p* +(a ¢/))+(oc +) , 73)
wy (Sp/kva)o
and v} and v, be designed as follows:
—kyswy/||wl|,, if k,s|w|, >,
vy = 2 . (74)
—kyzwi/e, if ks wi, <e,
—kyswo/||wl|,, if k,3|w||, >,
v = 5 . (75)
—k;, 3wy /€, if kys|w]|, <e,

where k3 is a positive constant gain such that k, 3 > /i + i3,
and ¢ is a small positive constant. The second terms of v} in (74)
and v} in (75) are chosen to avoid a possible division by zero. If
ky3|w|, > e, the time-derivative of the Lyapunov function V in
(49) becomes

V < —(min(c3 /ky, 1,856 )—max(kp, ky +kg))(p? +0F + %)

—|kus—/ B+ |w]; <O. (76)

Note that min(gj)/k,,‘l,gx,g(/,)—max(ﬁ,,,ﬁa+E¢)>O is obtained if
the control gains k,,; and k, > are chosen as 2max(k,,k,+kg) <
2ky1 < ky 2. Now, if k3| w|, <eé, the following is obtained:

V < —min(c3 /ky1,62Cp)—max(ky,ky +ky)| (02 + 0% + )
I 5| W3 /e+ky s | W], a7

The term —k25 w3 /e+k,3|w]|, attains its maximum value &/4
at k, 3| w||, =¢/2. Then, (77) becomes

V < —|min(c} /ky,1,5:Sy)

—max(Ry,ky +kg)| (0% + 0%+ ¢*)+ /4. (78)

Theorem 2. Consider the system (65)-(67) with goal points in Qgon;.
Let the control law be given by

Vg = \/(ku'1pcosoc+v’1)2 + lz(k,,; sino—(ky2—ky 1 cosoc)¢>+v’2)2,
(79)

5y = —arctan <l (kv_z sina—(ky2—ky 1 C(/)S oo+ vz) ) ' (80)
kypcosa+v)

where v and v}, are defined in (74) and (75), respectively, and w is
given by

{Wl} _ {(9/)/’%,1)(—/)2+((sinoc—4>)2—d>2))+sinoc(sinoc-¢)}

W= 1w, (o /Ky 1)(siNC— )

81
Then, the solutions of (66)-(68) are uniformly bounded around the
origin.
Proof. Let (xg,)g) € Qrone. (78) is rewritten as
V< —min(c /ky,1,65Cp)—mMax(ky, ky +ky)|
(P* +(sino—p)? + p?)+¢/4. (82)

Therefore, if

VP2 +(sina—g)2 + ¢’
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Fig. 5. Linear velocity and steering angle (simulation): (a) v4 (solid line) and v (dashed line) and (b) d4 (solid line) and o (dashed line).

)

> \/ &/(4|min(c3 /ky,1,6,,6 ) —max(ky, ks + k)

V <0 is obtained. Then, p(t), a(t), ¢(t) are uniformly bounded
around the origin (0, 0, 0). O

Corollary 2. Consider the system (65)-(67) with goal points in Qrear.
Let the control law be given by

Vg=— \/(k,,,] pCoso+v ¥+ lz(k,,; sino.+ (ky, 2 +k, 1 cos oc)(qﬁ—n)—v’z)z,
(83)

54— —arctan <l (k,,_z sinot+(ky 2 + k1 cos a)(cj)fn)fv’z) )

kyp cosa+v] &4

where v} and v, are defined in (74) and (75), respectively, and w is
given by

w
w= [Wj =[G4 /ko)(=p? +(=sina—¢ + P ~(d-m?))

—sino(—sina—¢+m)(Cy/ky1)(—sina—¢ +m)]. (85)

Then, the solutions of (65)-(67) are uniformly bounded around
(0, , ).

Proof. The proof is similar to Theorem 2. O
Remark 4. If p =0, v4 and J4 are chosen as in Remark 1.

va=ky1|0], (86)

8q = —(1/2)sgn0. (87)

In the presence of uncertainties, the position errors (X, y) cannot
be guaranteed to stay at zero at all time. If, the control law (86)
and (87) renders (X,y) # 0, the control law switches to (79) and
(80) if (xg,Yg) € Qfrone OF (83) and (84) if (xg,Yg) € Qrear-

4. Discrete-time analysis

The control laws in Section 3 were designed in the continuous-
time domain. As discussed in Section 2.1, the measurement by
NAV200 and the desired control inputs (v4 and d4) are updated
every 100 ms. This becomes a sampled-data system. Let T> 0 be
the sampling period. The control inputs vq4(t) and d4(t) are held

constants during the sampling interval kT <t < (k+1)T,
k=0,1,2,..., and the navigation variables are updated at every
sampling instance kT.

In Qfone, the Euler-approximations of Eqs. (70)-(72) are

pk+1) = p(k)=T (S5 / kv, )PKR)+(S g /K, )YV + 1) = Ap), (88)
o (k+1) = o/ ()= T(Go o (k)= p(K)
—((Vy+uy)/p)e =) A +Cy k1)
—(S k(W + 1) /D—(S g /K1) A=A ), (89)
Pk+1) = p)—T(cpo! (k) +¢ g P(k)
H(WVy+ 1)/ ) +P)—A ). (90)

Here, the Lyapunov function V(k)= pz(k)+oc’2(k)+¢>2(k) is uti-
lized. If k, 3||w|, <, the difference of V between time k+1 and k
is given as
AV =V(k+1)-V(k)

< T(—(min(2¢3 /Ky —Tky,1,26,—T(So+65 /ku1),264—T¢5)

—max(ky,ky +kg)(p? + 02 + ) +¢/2). 91)

Let
n= min(z‘;(zp/kv,l *Tkv.l vzga
—T(Gy+65/ku1),265—Tch)—max(kp,ky +kg).

Note that # >0 if the control gains k,; and k,, are chosen as

2max(kp,ky +ky) < 2ky 1 <ky2 < 1/T. Then, if \/p?+(sina—¢)? +¢* >
\/€/2n, AV <0 is obtained. Therefore, using the control law (79) and
(80) for (xg,yg) € Qpont, p(k), a(k), and ¢(k) become uniformly
bounded around the origin (0, 0, 0). Using the same procedure as in
(91) for (xg,y,) € Qrear, the discrete time analysis of the control law
(83) and (84) yields the same result, that is, p(k), a(k), and ¢(k) are
uniformly bounded around (0, &, 7).

5. Simulation and experimental results
5.1. Simulation results

In this section, the performance of the proposed control laws is
illustrated through simulations. The forklift mass is m=1500 kg.
The mass moment of inertia of the vehicle with respect to O, is set
to I,=350 kg m? and that of the rear wheel around the normal
axis is Is=1.2 kg m?. The mass moments of inertia of the front and
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rear wheels around their individual rolling axes are I=0.1 kg m?
and I,=0.6 kg m?, respectively. The radii of the front and rear
wheels are ;=25 mm and r.=150 mm, respectively. The motor
parameters are set to Kpy ,=Kms=87.7 Nm/A, km,=kms=0.75 Q,
and Kemfy=Kemss=0.6 V s/rad. The surface frictions in the direc-
tions of v and 6 are modeled as follows (Lee & Kim, 1995):

fo=(FS—Afy(1—exp(—v/vs))+f5v/r)sgn(v), (92)

fs=(FS—Af5(1—exp(—5 /55))+f55)sgn(d), (93)

where fS—AfS and f5—AfS are the Coulomb frictions,
AfSexp(—v/vs) and AfSexp(—d/ds) are the Stribeck effects (vs
and §s are the critical Stribeck velocities), and f5 and fcé are the
viscous frictions. The friction parameters are set to f,(,: =fs=12N,
AfS = Af§=1.0N, vs=0.1 m/s, s =0.2rad/s, fS =f5 = 0.5Ns. The
modeling errors are considered as the slip-angle at point O,
during motion as —0.1sgn(f). The measurement noises were
given as random signals with bounds 7y=7n,=0.01m and
7y =0.001rad. The PD control gains of the driving and steering
motors are set to kp, ,, kps =400Vs/m 50 V/rad, kp, =0.1Vs?/m,
kp,s =1Vs/rad. Fig. 5(a) and (b) illustrates the difference between
the desired commands generated from the outer loop (v4 and d4)
with those in the inner loop (v and ), which are through the PD
control of the AC motors (simulation result).

To compare the performance of the two control laws (with and
without the consideration of uncertainties), a backward naviga-
tion from an initial configuration (x, y, 0)=(3, 3, 0) to a goal
configuration (x, y, 8)=(0, 0, 0) is simulated. The units of x and y
are in meters and that of 0 is radian. The gains are set to
ky1=05s"", k,»=5s"", k,3=02s"", and £=0.005s"'. The
trajectories of the forklift to the goal configuration are shown in
Fig. 6. The motions of the forklift in time, (x(t), y(t), 6(t)), under
two different control laws, (54) and (55) vs. (83) and (84), are
compared in Fig. 7. With the control law (54) and (55), the forklift
arrived at (0.110, —0.010, 0.012) at t=8 s, while using (83) and
(84), it reached (0.013, —0.010, 0.000). A faster convergence was
achieved with (83) and (84). Figs. 8 and 9 compare the applied
control commands v4 and dg, respectively, during this navigation.

4r Initial 1
By using (83)-(84) r~ 'I- T ———
3 | = ]
USR]
S
] —.. I . -
z i
I Final h
/‘""{/
d
.«v“/
-
0F __...—-""/ J
By using (54)-(55)
a1 b i
-2 -1 0 1 2 3 4
x [m]

Fig. 6. Comparison of configuration control with and without the consideration of
uncertainties (simulation).

3 T T T T T
————— x [m]
'"\—7,,/ By using (54)-(55) — y[m]
25 S e 0 [rad] |

[m] or [rad]

By using (83)-(84)

1 4
0.5 R
0
0 2 4 6 8 10 12
time [s]

Fig. 7. Comparison of motions of the forklift under two different control laws: a
faster approach was achieved with the control law considering uncertainties
(simulation).

vy [m/s]

Through (83) Through (54)

time [s]

Fig. 8. Linear velocities in Fig. 6: through (83) (solid line) vs. through (54)
(dashed line).

15 1

Y Through (55)

1 "\I Through (84)
1
1

04 [rad]
=)

0 2 4 6 8 10 12
time [s]

Fig. 9. Steering angles in Fig. 6: through (84) (solid line) vs. through (55)
(dashed line).

Now, consider the typical situation that the forklift has already
reached the goal point but the orientation error is still huge.
Assume that p=0 and 0 =—n/2. Which is the case that the
vehicle is steered from (0, 0, /2) to (0, 0, 0), see Fig. 10. The gains
are set to the same values as in the previous simulation. Also the
same uncertainties are assumed. As seen in Fig. 10, the vehicle has
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2 - -
l - -
0Fr Final B
E
-
1k i
2 F Initial b
3t i
-3 -2 -1 0 1 2
x [m]

Fig. 10. Orientation control when the position error is zero but the orientation
error is —7/2 (simulation): the vehicle moves back and forth several times to
make the orientation error zero: (79) and (80) are used in Q. and (83) and (84)
are used in Qrear.

15 f5 R

[m] or [rad]

time [s]

Fig. 11. Motions of the forklift when achieving a pure orientation control (p=0
and 0 = —n/2) in Fig. 10.

to move back and forth several times to achieve the desired
orientation in this case. The detailed motions of the forklift in
time are shown in Fig. 11. Figs. 12 and 13, respectively, depict the
control commands vq and d4 in achieving the orientation control
in Fig. 10. The position and orientation values of the forklift at
t=6s was (0.010, 0.000, 0.002), which is quite acceptable.

6. Experimental results

In this subsection, two experimental results are presented. The
first experiment evaluates the control law (79) and (80) in steering
the forklift forward from the initial configuration (—5.55, 1.58,
—0.71) to the goal configuration (0, 0, 0), while the second
experiment tests the control law (83) and (84) in steering it
backward from (4.75, —1.3, —0.16) to (0, 0, 0). The gains were
ky,1=03s"1, k, =551, k,3=02s"1, and £e=0.01 s~ .. Figs. 14-17
depict the trajectories in the x-y plane, the vehicle motions, the

20 T T T T T

15 + k

10 i

vg [m/s]
W

-10 ! ! ! ! !

time [s]

Fig. 12. Applied vq4 in Fig. 10.

1.5 { i

04 [rad]
o

time [s]

Fig. 13. Applied 4 in Fig. 10.

4+ Initial 1=0's b
(-5.55 m, 1.58 m, -0.71 rad)

y [m]

Final t=49.5 s
(=0.16 m, 0.01 m, 0.00 rad)

x [m]

Fig. 14. Trajectories of the forklift in reaching the target configuration in forward
movement using the control law (79) and (80) (experiment).
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—E‘ _] ------- . e i 2 | i
3 0 [rad] - .
R _‘,.---' Final =35
527 I | ©20m 001 m, 002 rad)
g 3t ‘_.r"I ]
<" x[m] —
S 1 E ot 1
l" >
S ',:" 4
L gl i
_6 1 1 1 1 1 1 1 1 1
0 5 10 15 20 25 30 35 40 45
time [s] 21 4
Fig. 15. The forklift motions in time of Fig. 14. .
Initial #=0s
3 (4.75 m, =1.30 m, —0.16 rad) b
-4 1 1 1 1 1 1 1
-2 -1 0 1 2 3 4 5 6

X [m]

Fig. 18. Trajectories of the vehicle in reaching the target configuration in back-
ward movement using (83) and (84) (experiment).

5 T T T T r
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Fig. 16. Linear velocity command v4 of Fig. 14. = 7 0 [rad] e 1

15 F T T T T T T T T . |
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0.5 4 time [s]
= Fig. 19. The forklift motions in time of Fig. 18.
<
0.5 1 0 T T T T T
-0.1
1k 4
-0.2
-15 ¢ I I I I ! 1 1 1 a -0.3
0 5 10 15 20 25 30 35 40 45 0.4
time [s] z
g -05
Fig. 17. Steering angle command dq4 of Fig. 14. ~ 206
-0.7
-0.8
linear velocity command, and the steering angle command, respec- 0.9
tively, of the forward movement, and Figs. 18-21 show those of the . . . . . .
backward movement. For the forward movement, the forklift 0 5 10 15 20 25 30

stopped at x=—0.16 m, y=0.01 m, and 6=0.00 rad at 49.5 s, while
for the backward movement, it stopped at x=0.20 m, y=0.01 m,
and 6= -0.02 rad at 35s.

tims [s]

Fig. 20. Linear velocity command vq of Fig. 18.
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d [rad]

-1.5 ¢ \ . . . . 1
0 5 10 15 20 25 30
time [s]

Fig. 21. Steering angle command J4 of Fig. 18.

7. Conclusions

In this paper, a robust configuration control of a forklift was
developed. A two-loop (outer and inner) control for automating
forklifts was adopted. Since the forward motion and backward
motion of the forklift were not symmetric, two different control
laws for individual motions were designed. For a nominal model
that does not involve any uncertainty (no slip and no noise), the
uniform asymptotic stability of the desired configuration was
achieved. However, in the presence of modeling uncertainty and
measurement noises, the developed control law assured the
uniform boundedness. The discrete-time analysis of the proposed
control law was performed. The range of control gains in regard to
the sampling period was clarified. Both simulation and experi-
mental results showed that the proposed method is robust
against uncertainties in obtaining fast and natural trajectories.
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